Abstract-The study of the pricing of contingent claims under constraints leads, in the case of stocks obeying lognormal distributions, to an interesting analytical result. Namely, the price satisfies the Black Scholes equation with a different initial condition. We give a mostly analytical treatment of this result, using the probabilistic interpretation of the Cauchy problem, with nonsmooth initial conditions.
I. INTRODUCTION

I
N THIS PAPER, we consider the results of [5] related to the problem of contingent claims with constraints; see [4] . We propose a different approach, which is more analytic, and also more elementary and straightforward. However, it is limited to the case when the dynamic programming approach is possible.
Our approach has also the advantage of working without any consumption process, which turns out to be somewhat artificial and slightly confusing.
II. SETTING OF THE PROBLEM
A. Assumptions
Let Borel algebra on a probability space, equipped with a filtration and a -dimensional standardized Wiener process for this filtration We consider a market with stocks, governed by the usual Ito equations (2.4)
We set (2.5) There is also a risk-free money market, given by (2.6)
We define
Since is bounded, we can define a new probability on , , by setting (2.9) From the Girsanov theorem, if we introduce the process (2.10) then the system , , , , forms a probability system in which is a standardized Wiener process. Note that from (2.4) one has (2.11) A portfolio of assets is a vector of adapted processes (2.12) such that (2.13)
We next define the Wealth as the process (2.14)
We assume the self financing property, which amounts to the fact that the Wealth process has the following Ito differential: (2.15) and, as well known, using (2.11) (2.16) The initial wealth will be given by (2.17)
We shall denote by the Wealth process, corresponding to an initial Wealth and a portfolio We define the set of portfolios (2.18) We note that the set does not depend on , which explains the notation. It is easy to check that, whenever , the process is a , supermartingale, and in particular which, compared to (2.32) completes the proof.
Remark 2.4:
It is an immediate consequence of the definitions that a price leads to an opportunity of arbitrage in selling, and a positive price leads to an opportunity of arbitrage in buying. On the other hand a price cannot offer any opportunity of arbitrage. This interval is called the arbitrage-free interval.
III. CHARACTERIZATION OF THE UPPER HEDGING PRICE
A. Stochastic Control Problem
We shall consider the upper hedging price and, thus, to simplify the notation, we write Let us set
which is a lower semicontinuous (lsc), proper, convex function, finite on its effective domain
Using [7] , the set is a convex cone, and Moreover is positively homogeneous, i.e., if and subadditive, i.e., Relying on [7] again, we state the property (3.3) In the sequel, we shall assume (3.4) Consider the Hilbert space of stochastic processes adapted to the filtration such that
We then define These two processes are well defined for any . We set is a martingale for (3.8) On the other hand, if for any , we consider the approximation , then thanks to (3.13) and (3.14), we can state that and, thus, by Fatou's Lemma which implies and with (3.18) the result.
B. Main Result
The main result is as follows. We begin by proving that (3.20)
Proof of (3.20 IV. PROOFS
A. Preliminaries
We shall use results related to the Cauchy problem (3.31). More precisely, we consider the problem The function belongs to ,for any . We recall (3.29), and introduce the stochastic processes (4.5)
We denote by the solution of (4.5) and to simplify the notation write for the vector of coordinates
We state the following. One has the probabilistic interpretation (4.10)
Proof: We do not detail everything, and refer to classical results; see [2] . Whenever (4.8) holds, then we have (4.6) and (4.1) holds on . Moreover, we have (4.9), and the probabilistic interpretation (4.10).
We proceed with a priori estimates. We test (4.1) with , , and integrate over . We obtain easily the estimate To extend the results when (4.8) is no longer valid, we first notice, from the variational theory of linear parbolic PDE of [4] , that there exists one and only one solution of (4.1), , and . The estimates (4.11) and (4.12) still hold. We can then consider independently, the function denoted for the time being by (4.13) which makes sense, even when is not continuous. From (4.5) Moreover, it is easy to check, that by choosing first , then , one can find such that (4.18) holds. These approximations allow us to assert that the probabilistic representation (4.10) still holds, even when the initial condition is not continuous. Indeed, let be the functions corresponding to , in (4.1) and (4.13). Then, since the probabilistic representation holds for , we have Also, from (4.12) and (4.17), we have and Collecting results, (4.10) follows.
From this probabilistic representation, and the growth assumption (4.2), the growth on , (4.7) follows. The regularity properties (4.6) follow also from the representation formula, and (4.14).
The proof has been completed. In spite of the fact that is not continuous, we have the following important continuity property. Let us write which follows from the Markov property and the representation formula (4.10). Hence, is an martingale. Therefore, from classical martingale estimates; see [3] . We have (4.22) and, since is Gaussian, see also (4.14), we get easily (4.23)
Considering the continuous approximation of , and using (4.23), we can write the inequality Since is continuous on , we have for fixed , and thanks to (4.23)
The result follows immediately.
B. Additional Assumptions and Completion of Proofs
We introduce the function and, thus, we recover again the property (4.42).
C. Reverse Inequality
The objective here is to prove the reverse inequality 
